Stretching the Inflaton Potential with Kinetic Energy 
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Inflation near a maximum of the potential is studied when non-local derivative operators are 
included in the inflaton Lagrangian. Such terms can impose additional sources of friction on the field. 
For an arbitrary spacetime geometry, these effects can be quantified in terms of a local field theory 
with a potential whose curvature around the turning point is strongly suppressed. This implies that 
a prolonged phase of slow-roll inflation can be achieved with potentials that are otherwise too steep 
to drive quasi-exponential expansion. We illustrate this mechanism within the context of p-adic 
string theory. 
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Modern cosmological data indicates that the universe 
is spatially flat with a density perturbation spectrum that 
is almost scale- invariant, Gaussian and adiabatic on su- 
pcrhorizon scales [lj. Slow-roll inflation driven by the 
potential energy W{ip) of a self-interacting scalar field 
<p provides the simplest explanation for these observa- 
tions 2]. Successful inflation requires the potential to 
respect the flatness conditions Kl and \r]\ <C 1, where 
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ee M£W"/W, a prime denotes 
d/dif and M P = (8ttG)-^ 2 = 2.4 x 10 18 GeV. The in- 
flaton then satisfies the equation of motion 3Hip ~ —W' 
and its energy density drives a phase of quasi-exponential 
expansion p ~ W ~ 3MpH . Furthermore, quantum 
fluctuations in the inflaton generate a Gaussian curva- 
ture perturbation with an amplitude and spectral index 
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Tensor (gravitational waves) fluctuations are also gener- 
ated during inflation with an amplitude r = 16e relative 
to the density perturbations. 

CMB data favours models with e ~ and r\ < 
These conditions arise naturally when the inflaton rolls 
away from a maximum in its potential. Models of this 
type are referred to generically as hilltop scenarios [|[ . If 
the mass of the inflaton is unsuppressed, a good approx- 
imation to any potential in this regime is given by 
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where the constants {Wo, w} specify the energy scale and 
mass of the inflaton, respectively. Although potentials of 
this form arise ubiquitously in particle physics models, 
theory typically predicts that |?7|>1, which makes it diffi- 
cult to realise slow- roll inflation. (See Q for a review). In 
any case, the flatness condition |»;| <C 1 requires u 2 Mp <C 
Wq, which implies that (p cn d ~ \/Wo/lu ^> Mp at the 
end of inflation ||. This immediately raises concerns 
regarding the role and magnitude of non-renormalizablc 
contributions to the tree-level potential. 

The purpose of the present work is to illustrate how 
these issues can be simultaneously resolved by introduc- 



ing higher-derivative, non-local operators into the infla- 
ton Lagrangian. In suitable regions of parameter space, 
we find that such terms act as extra sources of friction 
on the scalar field, thereby causing it to slow down suffi- 
ciently to drive inflation. More specifically, we show that 
the cosmic dynamics induced by the non-local terms is 
equivalent to that of a local scalar field theory, where the 
inflaton evolves along an effective hilltop potential with 

M«i- 

The motivation for considering higher-order^ deriva- 
tives comes directly from string field theory Q. (See 
!7f| for reviews). String field theory predicts that oper- 
ators of the form e D should be included at the vertices. 
These act as kinetic contributions after suitable field re- 
definitions. Exponential operators also arise in the p-adic 
string theory [8| . In this theory, all the amplitudes of the 
lowest state of the string can be determined exactly in 
terms of a non-local effective action. This ensures that 
the theory admits an ultraviolet completion. 

It is well known that ghost degrees of freedom arise 
in any theory which contains a finite number of higher- 
derivative contributions. However, this is not necessarily 
the case in theories possessing infinite-order operators. In 
particular, exponential factors contain neither poles nor 
zeros at finite momentum and therefore do not introduce 
ghosts. Furthermore, issues related to classical (Ostro- 
gradski [9]) instabilities are not expected to be problem- 
atic in such theories, since the construction of the Ostro- 
gradski Hamiltonian requires a highest derivative term in 
the action [To| . 

We consider a general action of the form 
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where F(d) is some function of the D'Alembertian op- 
erator, □ ee -7=<9 M (^/— gdfj), is a dimensionless scalar 
field and 7 is a constant with dimensions of mass. We 
will assume implicitly that the functional form of F(\3) is 
determined by some (as yet unknown) realistic string the- 
ory, where the infinite series of higher-dimensional kinetic 
operators has been explicitly calculated. We therefore 
keep F(\3) unspecified subject only to the weak condi- 
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tion that it is analytic, uniformly convergent and admits 
a Taylor expansion F(D) = c l^ l i where all the q 

are real, □ denotes the □ operator applied I times and 
n°(j) = <f>. We will further assume that the scalar field 
is a C°° function to ensure continuity. These conditions 
imply that the Taylor series can be integrated term by 
term when it operates on the scalar field. 

Some of the cosmological consequences of specific mod- 
els of the form ((3]) were recently considered in [ll|, [l2|, [l3|, 
ITil ]. In what follows, we absorb the I = term in the ex- 
pansion of F(D) into the definition of the potential V(<j>). 
The scalar and Einstein field equations arc then given by 
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and G^u — M p T M „, respectively, where 
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defines the energy-momentum tensor of the inflaton [if 
For a hilltop potential of the form 
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where {Vo,m} are dimensionless constants, Eq. (|U) 
is solved when the inflaton is an eigenfunction of the 
D'Alembertian operator 
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such that the eigenvalue lu 2 is a solution to the charac- 
teristic equation 
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Substituting Eq. |7]) into the energy-momentum tensor 
([5]) then implies that 

(9) 

where tp represents a rescaled field 

<p = A0, A 2 = 1 i F*{-Lo 2 ) (10) 

and F*(— lo 2 ) = (dF/ dO)n=-u 2 denotes the derivative of 
F(D) evaluated at □ = — uj 2 . 

Eqs. (O and ([9|) represent the field equations for a 
local scalar field minimally coupled to Einstein gravity 



and self-interacting through a hilltop potential Q , where 
the mass of the field is determined by the eigenvalue io 2 
and Wq = j 4 Vq. The action for such a field is 
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Hence, there exists a correspondence between the dy- 
namics of the non-local and local theories ([3|) and 
The origin of this correspondence can be understood by 
inspecting the form of the energy-momentum tensor {5} . 
In a local field theory (with a general potential) the third 
and fourth terms in Eq. (0 cancel. However, in a non- 
local theory with a hilltop potential, the quadratic in- 
dependences in the fourth and fifth terms cancel and only 
the constant term Wo remains. On the other hand, the 
third term now generates a contribution proportional to 
uj 2 (p 2 . This implies that the non-local operators effec- 
tively rescale the mass of the field whilst leaving the en- 
ergy scale Wo invariant. Consequently, the qualitative 
shape of the potential remains unaltered, although its 
curvature will be strongly suppressed if uj 2 -C m 2 Mp. In 
this sense, the potential is effectively 'stretched' by the 
higher-derivative operators. 

This suggests the possibility of realising slow-roll, hill- 
top inflation in theories where |i7|>l in the absence of 
non-local operators. Inflation is still driven by the poten- 
tial energy around the turning point, but the non-local 
kinetic terms source the Hubble parameter via the Fried- 
mann equation. This imposes additional friction on the 
scalar field, causing it to evolve away from the turning 
point more slowly than it would do in a conventional sce- 
nario. The dynamics of the field is such that the energy 
scale of inflation is maintained at H 2 ~ Wo/3A/p. 

This novel dynamical behaviour can be compared to 
the multi-field, assisted inflationary mechanism [l6j . In 
this scenario, each field continues to roll down its respec- 
tive potential, but feels the enhanced friction arising from 
the other fields that are present. Thus, slow-roll inflation 
is easier to realise. For example, in the case of M uncou- 
pled fields of equal mass, the unique late-time attrac- 
tor of the system is the solution where all the fields are 
equal. The dynamics then corresponds to that of a single 
effective field cf> = ^/Mtfii of the same mass 17 1. Conse- 
quently, inflation may arise (</>>l) even though each of 
the individual fields is located in a region of its poten- 
tial that would be too steep to support inflation < 1). 
However, the above scenario is fundamentally different to 
assisted inflation since it involves only one field and the 
additional friction is provided by kinetic energy rather 
than the potential energy of multiple fields. 

We may illustrate this explicitly by considering the 
scalar field action 
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where a is a constant with dimensions of [mass] 2 . In 
the 'linear kinetic' regime, defined as the region where 
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higher powers of the D'Alembertian operator are neg- 
ligible, the dynamics is equivalent to that of a canon- 
ical scalar field \ = l 2 \fo t 4> with a negative mass- 
squared m 2 in = (m 2 — l)/a and 'slow-roll' parameter 
f/iin = — Mp(m 2 — l)/(7 4 aV"). However, the higher pow- 



ers in □ cause the canonical field <p 
with an effective mass-squared 
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which implies that 
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Hence, both the mass-squared of the field and the 
curvature of the potential are suppressed by a factor 
(In m 2 )/m 2 when m 2 3> 1 and slow- roll inflation will be 
generic in this region of parameter space even if |?7ii n |>l. 

Furthermore, the field which plays the role of the in- 
flaton, ip — 7 2 \/ am 2 (f> — m\, is only an effective field 
in this context. The condition that p en d ^> Mp at the 
end of inflation can therefore be realised naturally when 
m 2 ^> 1 without requiring \ to take super-Planckian val- 
ues. In principle, this alleviates problems that may arise 
regarding the role (or suppression) of non-renormalizablc 
terms in the tree-level potential for \- 

One immediate question that must be addressed is 
whether inflation of this type is able to generate a 
(nearly) scale-invariant spectrum of density perturba- 
tions. A complete analysis of the infinite-order perturbed 
field equations would be required in order to fully resolve 
this question. Nevertheless, in light of the dynamical cor- 
respondence that wc have established between actions ([3]) 
and (jlip , which is valid for an arbitrary spacetime metric 
including inhomogeneities, it is reasonable to assume as 
a first approximation that the standard, slow-roll results 
can be applied to the minimally coupled field tp. 

Given this assumption, the conditions near the max- 
imum of the potential, e <C \f]\ <C 1, imply that the 
spectral index directly constrains the curvature such 
that 1 — n s ~ 2 1 17]. More specifically, it follows that 
77 ~ -M 2 lo 2 /W q and e ~ M|cj 4 ^ 2 /2W 2 ~ ^ 2 ip 2 /M 2 , 
which implies that the energy scale and mass of the in- 
flaton are constrained by observations such that 
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On the other hand, the value of the inflaton N e- 
foldings before the end of inflation is given by ipN — 
(Pende~™ N and the corresponding value of e is 
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Hence, if inflation ends when tp cn< \ ~ VWq/uj [|, the 
gravitational wave amplitude is maximized for 1 — n s ~ 
1/N. This yields the upper limits r< 1.5(1 — n s ), 
Wo<5.6x 10" 8 (l-7i s )Af]l and u;<1.7 x 10~ 4 (1 - n s )M P 
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Current CMB data indicates that Vn = 2.5 x 10" 
n s = 0.948 j£85J and r < 0.3 |. For the favoured val- 
ues N ~ 60 and 1 - n s ~ 0.05, we find that r ~ 0.01, 
W ~ 3.7 x 10~ 10 M^ and u ~ 3 x 10" 6 Mp. A rela- 
tively high gravitational wave background is possible in 
this case because (/'end ^ Mp. 

To illustrate the scenario further, we now focus on the 
theory for the p-adic string Q . In this theory, the world- 
sheet coordinates of the string span the space of p-adic 
numbers. The action which yields the amplitudes for the 
lowest state of the string is then given by 
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where p is a positive integer, a = lnp/(2m 2 ), 7 4 = 
{ra\j g 2 ){p 2 j{p — 1)), m s is the string mass scale and g s 
is the open string coupling. The potential of the field is 
V = 7 4 (^V' 2 — ^tV ;P+1 )- This has a maximum at if) = 1, 
is unbounded from below for \tp\ > 1, and has a zero- 
energy vacuum at tp = 0. In the linear kinetic regime, 
the canonical field is defined by \ = r ) 1 oi v l 2 i\j with an 
effective mass-squared rn 2 in = — 2m 2 (p — 1)/ lnp. 

When the field is close to the maximum, we may define 
tp = 1 — (f>, where <f> -C 1. Expanding action (fTT|) to 
quadratic order in <f> then implies that 
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where Vn = ^{p 



= i^yp — l)/(p + 1). Action (jT5J) is of the form 
given in Eq. (|12p and we may deduce immediately that 
the scalar field equation (g]) is solved by Eqs. (0-© with 
ijj 2 = Inp/a = 2m 2 . Hence, the effective mass of the local 
field tp is uniquely determined by the string scale and is 
independent of p. This rescaling of the mass in terms 
of the p-adic string scale was recently identified in Ref. 
[IH using perturbative techniques in a spatially isotropic 
cosmology. We have established that such a result holds 
much more generally. 

Our interpretation of p-adic inflation in terms of a 
stretched potential should remain valid until <p cn d = 
7 2 v / ap0 C nd ~ VWo/u). This implies that (f> cn d ~ 
(plnp) -1 / 2 . On the other hand, a full numerical calcu- 
lation has shown that inflation is supported by the non- 
local contributions until (f> ~ p~ r l 2 [lj]. In this particu- 
lar case, therefore, our analysis underestimates the total 
amount of inflation. The difference arises because the 
small-field approximation that leads to Eq. (fT8|) breaks 
down before inflation comes to an end. Nonetheless, the 
uncertainty in the value of cn is approximately (lnp) -1 
and this is less than an order of magnitude for p<10 4 . 

Before concluding, it is interesting to note that non- 
local theories also have implications for inflationary mod- 
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els where the inflaton is rolling down a quadratic po- 
tential, V(x) = ™ 2 X 2 /2ci. A potential of this form 
represents a good approximation to more general mod- 
els where the final (observable) stages of inflation oc- 
cur as the field rolls towards a minimum. One problem 
with these models is that cosmological scale s cross the 
horizon when the canonical field x — %/T/VMp ^> Mp 
(for 30<-/V<60) and this requires strong suppression of 
non-renormalizable terms in the potential. However, Eq. 
© admits the solution F(uj 2 ) = m 2 for a quadratic 
potential and the effective field is therefore given by 
<p = (F*/ci) 1 / 2 Xj where F* = {dF/dD) n=UJ 2. It fol- 
lows that sufficient inflation is achievable with \ < Mp 
for any non-local contribution satisfying F*>4ciN. For 
example, this reduces to the constraint m 2 >4N when 
F = exp(aO). 

To summarize, we have found that higher-order deriva- 
tive operators in the inflaton Lagrangian can support a 
prolonged phase of slow-roll inflation near a maximum of 
the potential. Such contributions cause the scalar field to 
slow down in such a way that its dynamics is equivalent 
to that of a local field evolving along a qualitatively sim- 
ilar potential. The new ingredient is that the curvature 
of the potential away from the turning point is effectively 
suppressed, whereas the height of the maximum remains 
unaltered. Slow-roll inflation can therefore be realised 
with potentials that would ordinarily be too steep to sup- 
port inflation, which is typically the case with potentials 
arising from particle physics. Furthermore, the inflation- 
ary expansion is driven by an effective scalar field which 
naturally takes super-Planckian values when the physical 
field remains below the Planck scale. 

The mechanism we have outlined can be applied to any 
model for which the mass of the field is not suppressed in 
the vicinity of the maximum. Moreover, it is independent 



of the spacetime geometry and arises for a generic infi- 
nite series of higher-order derivatives. In particular, no 
finite truncation of the series need (or should) be made. 
The key requirement is only that Eq. JSJ) should admit 
a solution with sufficiently small eigenvalue uj 2 . Thus, 
the framework that we have developed can be applied 
directly to any string (field) theory for which the tower 
of derivatives has been explicitly calculated. 

A number of open issues remain, however. In gen- 
eral, one must address the problem of ghosts and related 
Ostrogradski instabilities in non-local theories, although 
it seems that string theory is able to avoid these diffi- 
culties. A related question concerns the lack of a well- 
defined Cauchy problem in a cosmological model involv- 
ing infinite-order time derivatives. These issues were dis- 
cussed recently in [l2|, [H[- Nonetheless, we have estab- 
lished that the general field equations do admit an equiv- 
alent description in terms of a local theory with a well- 
defined initial value formulation. It remains to be shown 
whether such a solution represents a late-time attractor 
of the system. If this turns out to be the case, it would 
provide strong justification for evaluating the inflationary 
perturbation spectrum in terms of a standard, canonical 
field. This would also provide a concrete framework for 
relating the predictions of string field theory directly to 
cosmological observations. Finally, our analysis indicates 
that fine-tuning issues which arise when developing infla- 
tionary models within a local field-theoretic framework 
may be resolved with a fully non-local treatment. 
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